We investigate Yang-Mills instantons on a 7-dimensional manifold of G 2 holonomy. By proposing a spherically symmetric ansatz for the Yang-Mills connection, we have ordinary differential equations as the reduced instanton equation, and give some explicit and numerical solutions.
Introduction
Recent progress in string duality has stimulated a great deal of interest in Yang-Mills instantons on higher dimensional manifolds of special holonomy.
1, 2 The higher dimensional Yang-Mills instanton equations on such manifolds have been given in several papers. 3−6 It is known that some Yang-Mills instantons on the manifolds can be extended to solitonic solutions of the low energy effective theory of the heterotic string 7, 8 preserving 1 16 or 2 16 of the 10-dimensional N = 1 supersymmetry. The manifolds of special holonomy admit covariantly constant spinors and define the supersymmetric cycles (calibrated submanifolds). 6 Solitons and instantons of superstring theory or M-theory can be considered to be wrapping branes around a supersymmetric cycle. 9, 10, 11 The manifolds also play an important role in generalizations of the DonaldsonFloer-Witten theory to higher dimensions.
12, 13 Baulieu et al 12 found a topological action on a 8-dimensional manifold of Spin(7) holonomy; their covariant gauge fixing conditions lead to Yang-Mills instanton equations on the manifold. Compared with the 4-dimensional case, there are a few explicit Yang-Mills instantons on 7-and 8-dimensional manifolds of G 2 and Spin(7) holonomy. 7, 8, 14 Recently Yang-Mills instantons on a 8-dimensional manifold of Spin(7) holonomy have been examined in detail.
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In this paper we investigate Yang-Mills instantons on a 7-dimensional manifold of G 2 holonomy. Our paper is organized as follows: in section 2 and section 3 we briefly review the octonionic algebra and the explicit metric of a manifold of G 2 holonomy given by Gibbons et al; 16 in section 4 we express Yang-Mills instantons on 7-dimensional manifolds of G 2 holonomy; in section 5, under a spherically symmetric ansatz, we solve the YangMills instanton equations on the manifold described in section 3, and present some new explicit solutions obtained from the Riccati equation and numerical solutions.
Octonionic Algebra
In this section we briefly review the octonionic algebra following the papers. 8, 14, 17 The exceptional Lie group G 2 which is a subgroup of Spin (7) is the automorphism group of the octonionic algebra. The generators of Spin (7) are given by
where Γ a (a = 1, · · · , 7) are 7-dimensional γ matrices defined by
The generators of the octonionic algebra {1, e a }, (a = 1, · · · , 7) obey the relations
3)
where C abc is totally antisymmetric tensor with non zero components
If the dual tensor C abcd is defined by
the following relations are satisfied
By the use of the tensor C abcd , one can decompose the 21-dimensional Lie algebra of Spin (7) into the direct sum of the 14-dimensional Lie algebra of G 2 and the 7-dimensional orthogonal subspace P. Indeed, the projector P 1 ab cd onto the Lie algebra of G 2 and the projector P 2 ab cd onto P are given by
8)
Thus the generators G mn of G 2 can be realized as
3 Explicit metric on 7-dimensional manifold of G 2 holonomy
In this section we describe the explicit metric on a 7-dimensional manifold of G 2 holonomy. It has been first given as a metric on the R 4 bundle over S 3 by solving the Einstein equation:
where i = 1, 2, 3 and α, β, γ are functions solely of the radial coordinate r. The symbols Σ i denote the left invariant 1-forms on the S 3 base manifold and the symbols σ i denote the left invariant 1-forms on the fiber R 4 . They satisfy
Σ i and the explicit forms of the functions are
where a is an arbitrary constant. We can also construct the metric (3.1) by solving the first order equation for the spin connection, 18, 19 
Under the spherically symmetric ansatz (3.1), the orthonormal basis is
whereî =1,2,3 = 4, 5, 6, and the spin connection ω ab is obtained by the equations de a = ω a b ∧ e b and ω ab = −ω ba :
6)
Eq. (3.4) then reduces to the following nonlinear ordinary equations:
which reproduce the solution (3.3).
4 Yang-Mills instanton on 7-dimensional manifold of G 2 holonomy
Here we define a Yang-Mills instanton equation on the 7-dimensional manifold of G 2 holonomy in terms of a special closed 3-form Ω,
Using the antisymmetric tensor C abc , the 3-form Ω can be written as
and then Eq. (4.1) becomes
The seven components of Eq. (4.3) are as follows:
The curvatures (4.3) provide the solutions of the Yang-Mills equation on the manifold, D a F ab = 0, as a consequence of the Bianchi identity. We shall call solutions of (4.3) Yang-Mills instantons. The Yang-Mills instantons can be embedded into supersymmetric theories as solutions to the equation of motion. It is known that there is a spinor η on the manifold of G 2 holonomy which satisfies the conditions:
where ∇ denotes the covariant derivative of the Levi-Civita connection on the manifold.
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Then, one can use the covariantly constant spinor as a global supersymmetric parameter defined on the manifold. The supersymmetric transformation of a spinor field χ, a super partner of Yang-Mills connection,
is zero according to the Eqs. (4.3) and (4.5). So the Yang-Mills instanton becomes a supersymmetric solution preserving the spinor η.
Note that the spin connection leads to a G 2 Yang-Mills connection:
Using (3.4) and the symmetry between the first and second pair of indices of the Riemann curvature R abcd , we can see that the curvature of A satisfies the Yang-Mills instanton equation (4.3).
5 Ansatz for G 2 Yang-Mills connection
Now we construct Yang-Mills instantons on the 7-dimensional manifold of G 2 holonomy described in section 3. Referring to the spin connection (3.6)-(3.10), we propose a spherically symmetric ansatz for the G 2 Yang-Mills connection A = 1 3
where A, B, C, D are the functions of the radial coordinate r. We can see that the above connection satisfies
and so does their curvature, i.e., they are just projected onto the Lie algebra of G 2 . Note that the indices denote those of the Lie algebra of G 2 , not of the differential forms. This connection reproduces Eq. (4.7) by putting
The components of the curvature F (= 1 3 G ab F ab ) are explicitly given by
Let us consider the Yang-Mills instanton equation (4.3) for the curvature
F abij e i ∧ e j :
After some calculations, we obtain a set of ordinary differential equations for A, B, C, D:
Eq. (5.14) can be satisfied in three cases (i)
, B = C, so we study these cases separately. In case (i), we have two solutions:
The first one is nothing but the connection (4.7), while the second one is a new solution.
Although their difference is only the signature of A, these two solutions lead to different curvatures. In cases (ii) and (iii), A is zero from (5.17) so that the Yang-Mills instanton equation (4.3) gives two nonlinear ordinary differential equations for B and D: ) and Eq. (5.24) becomes the Riccati equation:
We can find a general solution of Eq. (5.26):
where c is an arbitrary integration constant. Taking the limit c → ∞, we have a special solution X = 3α − 1. For the explicit solution (5.27) the nonzero components of the Yang-Mills connection and the curvature are {A ij , Aˆiĵ = A ij } and {F ij , Fˆiĵ = F ij }. In this case the curvature becomes
where T ij are SU(2) generators; the gauge group reduces to SU(2) from G 2 . The explicit components of the curvature become
It is known that there are no Yang-Mills instantons with finite action on the ndimensional flat space (or sphere) unless n = 4.
6 Unfortunately, the action for our solution diverges too. However the second Chern class evaluated on the fiber R 4 has a finite value:
where T r refers to the adjoint representation of SU(2) and vol SU (2) is the volume of SU (2) . Note that the value comes from the infinite surface according to . This analysis provides a qualitative explanation for the behavior of the flows in Figure 1 .
